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ABSTRACT. In this study, the optimal approximations of rough sets in an
approximation space is proposed based on similarity measures induced by
symmetric difference. Some basic properties of optimal approximations are
investigated. The variation rules of similarity degrees between the target
concepts and their optimal approximations in different granularity spaces
are surveyed. The attribute reduction approaches for decision systems
which preserve the optimal approximations of decision classes unchanged
are presented by using discernibility functions. In this case, the attribute
reductions can be computed all at once.
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1. INTRODUCTION

The theory of rough sets was firstly proposed by Pawlak [1]. It is an extension of
set theory and provides a systematic method for dealing with vague concepts caused
by indiscernibility in situations with insufficient and incomplete information. Using
the notions of upper and lower approximations in rough set theory, knowledge hidden
in information systems may be unravelled and expressed in the form of decision rules
[2, 3, 4, 5, 6]. Also, some extended rough set models, such as general binary relation

based rough set [7], fuzzy rough set [3], variable precision rough set [9], probabilistic
rough set [10] and so on were presented to extend the application scope of rough
sets.

In rough set model, the upper and lower approximations are two boundary lines
of the target set. The lower approximation of a set is the largest definable set
contained in it and the upper approximation of a set is the least definable set con-
taining it. In real application, whether the lower or upper approximation is to be
used is not definite. There is little discussion in original rough set theory on how
to establish one crisp set as approximation set of a target set instead of only giving
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out two boundary lines. Considering this issue, Janicki and Lenarci [11] presented
a metric approach to rough sets. The notion of optimal approximation in rough
approximation spaces with respect to a measure of similarity is proposed, and an
algorithm to compute optimal approximation using the Jaccard similarity measure
is surveyed. The optimal approximation may be closer to the target set compared
with upper approximation and lower approximation. In [12], Janicki and Lenarci
proposed finite and null-free measure on the universe to generate the similarity mea-
sures. The algorithm is presented to compute the optimal approximation by using
the Marczewski-Steinhaus similarity measure. The algorithm is also effective for
similarity measures which are consistent with the Marczewski-Steinhaus similarity
measure. Based on Jaccard similarity measure, Zhang et al [13] proposed a method
for building an approximation set of the uncertain set X. It is proved that Ry 5(X)
is the optimal approximation set of X in some cases. The changing regularities
of similarity between Ry 5(X) and X with the change of knowledge granularity in
knowledge space are surveyed. Zhang et al [14, 15] proposed the notion of relative
approximate degree in the decision making information systems which can well re-
flect the degree of similarity between the division of domain made by condition and
decision attributes. A heuristic attribute reduction method and algorithm based
on approximation set of rough set is proposed. In [16], a kind of fuzzy similarity
between a target set and its approximation set is presented based on Euclidean dis-
tance between two fuzzy sets. It is proved that 0.5-approximation set is the best
approximation set of a rough set in all definable sets. The change laws of fuzzy
similarity between a target set and its 0.5-approximation set in different granularity
spaces is analyzed in detail.

We note that there are many kinds of similarity measures in set theory for cooping
with different kinds of application problems. In some cases, the similarity degree
of two sets not only related to these two sets, but also related to the cardinality of
the whole universe. Jaccard similarity measure can not well reflect this characteris-
tics. The existing studies on optimal approximation rough sets are mainly based on
Jaccard similarity measure. In this study, we consider a new similarity measure in
the study of optimal approximation sets and investigate related attribute reduction
problems.

2. PRELIMINARIES

In this section, we briefly introduce basic notions related to rough sets. We refer
to [1] for details.

Definition 2.1 ([1]). Let U be a nonempty set and R an equivalence relation on
U. (U, R) is called an approzimation space. For any X C U, the sets

(2.1) R(X) = {z|[z]r € X}
and
(2.2) R(X) = {alla]a N X # 2}

are called the lower and upper approzimations of X respectively, where [z]gr = {y €
Ul|(z,y) € R} is the equivalence class with respect to R which containing x.
2
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X is called a R definable set, if R(X) = R(X). That is to say, X is a R definable
set if and only if X is the union of some R equivalence classes. A definable set Y is
called the optimal approzimation of X [11], if S(X,Y) > S(X, Z) for any definable
set Z, where S is a similarity measure. Based on Jaccard similarity measure, some
basic properties of optimal approximation are surveyed.

Theorem 2.2 ([13]). Let (U, R) be an approzimation space, X C U and Ry 5(X) =
{w c U)lH20X] > .5},
(1) Ss(X, Ro 5(X)) > 57 (X, R(X)),

|X] | X—Ro.5(X)| n
(2) if 0 (X)fR(?;(X)fX\’ then S;(X, Ro5(X)) > S;(X, R(X)),
where S;(X,Y) = ggﬂ is the Jaccard similarity measure.

Algorithm 1 (Finding the Greatest Optimal Approximation)[l1]

Let (U, R) be an approximation space, X C U

(1) Construct R(X), R(X) and B(X) = {[z]r|[z]r € X A[z]gNX # &}. Assume
r=|B(X)].

(2) For each [z]z € B(X), calculate a([z]g) = 20X1

[[z]r—X|

(3) Order a([z]r) in decreasing order and number the elements of B(X) by this
order, so B(X) = {[z1]r, [z2]r, - ;[zr]r} and i < j < a([zi]r) > a([z;]R)-

(4) If a([z1]r) < S(X, R(X)), then X°Pt = R(X).

(5) If a([x,]r) > S(X, R(X)), then X°P! = R(X).

(6) Calculate O; from ¢ = 0 until S(X,O0p11) > o([zp4i1|r) for p=0,--- ,r—1
and set X°P' = O,,.

Theorem 2.2 and Algorithm 1 show that, by using Jaccard similarity measure,
Ry.5(X) is the optimal approximation of X in some specific cases. In addition,
the computation of the optimal approximations is complex in general. In the next
section, we will study optimal approximations by using a new similarity measure
which is induced by symmetric difference of sets.

3. THE OPTIMAL APPROXIMATION OF ROUGH SETS

In this section, we consider the optimal approximation of rough sets based on the
following similarity measure
|X AY|

il
where X AY = (X - Y)U (Y — X) is the symmetric difference of X and Y. It
is trivial to verify that S(X,Y) = w That is to say, S(X,Y) is the
proportion of elements common to X and Y or common to X¢ and Y¢ in the whole
universe. In addition, S(X,Y) is not only related to X and Y, but also take the
whole universe into consideration. Furthermore, we have the following Lemma on
the relationships between S and Jaccard similarity measure S;.

Lemma 3.1. For any X and Y, S(X,Y) > S;(X,Y).

(3.1) S(X,Y)=1-

Proof. For any X and Y, we have
IXNY|[+[X°NYe [XNY|[4[X°NY° < |XNY]|

S(X,Y
(X, ¥) = U] TIXUY[+[XenYe T |XUY]
3

= S,(X,Y).
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O

Theorem 3.2. Let (U, R) be an approximation space, X C U. For any definable
set Y; S(Xa RO5(X)) > S(va)

Proof. Without losing generality, we assume that
Y NRy5(X)=[z1]rU[z2]g U - U[zk]r,
Y — Ros(X) = [z, ][R U [z3,]R U -+ U [y, | R,
Ros(X) =Y = [zj,]rU[z;]r U Ulz; R,

(YURos5(X)) = [nlrU[y2lrU---Ulys]r.
Then it follows that
|X N Ro5(X)| + XN (Ros5(X))]
=X N[z1]rl + -+ X N [ze]r| + | X N [2g]el + -+ X O [25]R],
XN i gl + - + X0 @, &l + X O[]l + - 4+ X0 [ys] gl
XY+ [XenYe|
=X N [z]r|+ -+ X N [zelrl + X O [z |rl + -+ X O 2, ]R]
+HXN [zj]rl+ -+ XN [ ]kl + XN ]l + -+ |X N [ys] Rl
Thus we have
X 1 Ro.s(X)] 4+ X5 1 (Ros(X))F] — [X 1Y~ X Ye
= (IX N[z el — XN [zj]Rl) + - + (X O [z ]r] = [ XN [2),]R])
+(XN [z R = [X N[z |R]) + -+ + (XN [z, ]| = X O [z, ]R])

For any A\, 1 < A <t, we have % > 0.5. So we get
ix

|[zljx N XT = 0.5][z]5,[ = 0.5(|[];, N X[+ [[x]5, N X))

It follows that |[z];, N X]| > |[z];, N X°|.
|[=]iy N X
IE3EN

|[2]iy N X] < 0.5[aliy [ = 0.5(|[z]s, N X+ [[2]s, 0 X).

Therefore |[x];, N X| < [[z];, N X€|. Consequently, we have S(X, Ry 5(X)) > S(X,Y).
g

For any A, 1 < XA < m, we have < 0.5. Hence we get

This theorem shows that Ry 5(X) is the optimal approximation of X with respect
to the similarity measure S. The similarity measure S can be generalized to the
following parameter depend form:

a(| X NY|+|X°NnY“|)

32 Sa X,Y = 9
(3:2) ( ) a(|XNY|+|XenYe)+ | XNYe|+|XenY]
where a > 0 is a parameter. If a = 1, then we have
[XNY|+|X°NY°| |X AY]
S51(X,Y) = =1-—=5(X,Y).
(XY X NY[+ [ XenYe[+|XNYe|+[XeNY]| U| (X Y)

The following Lemma shows the relationships between S, and S.

Lemma 3.3. For any X and Y, S,(X,Y) = #ﬁ%
4
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XAY Ul-|XAY XNY|+|X°ny*®
Proof. By S(X,Y)=1-— | o7 | = U] \|U| | = | |‘(‘J| |, we have

X AY|+[X°NYe| = |U|S(X,Y).

Then we get

Su(X,Y) = alU]|S(X,Y) B a|lU]S(X,Y)
T alUIS(XLY) + X nYe [ XenY] T a|UIS(X,Y) + U] - [U[S(X,Y)

Thus it follows that S,(X,Y) = % as required. O

For the similarity measure S,, we have:

Theorem 3.4. Let (U, R) be an approzimation space, X C U. For any definable
set Y, Sa(X, R05(X)) Z Sa(X, Y)

Proof. By Theorem 3.2, we have S(X, Ry 5(X)) > S(X,Y). Then we get

aS(X,Rp.5(X aS(X,Y
Sa(X, Ro5(X)) = Sa(X,Y) = 2BflestO) o asley)
a(S(X,Ro.5(X))—S(X,Y)) > 0. m

~ T+ @=DS(X,Ro.5(X)))(1+(@—1)S(X,Y))

This theorem shows that Ry 5(X) is also the optimal approximation of X with
respect to the parameter depend similarity measure Sj,.

With the changing knowledge granularities, researchers pay their attentions to
how to obtain the change laws of the uncertainty of an uncertain target set in a
rough approximation space [15, 16]. Next we will analyze the change laws of the
similarity between a target set X and its 0.5-approximation set in the changing
knowledge spaces.

Theorem 3.5. Let R’ and R" be two equivalence relations on U and R” C R’.
Then S(X, R 5(X)) < S(X, Ry 5(X)) for any X CU.

Proof. Without losing generality, we assume that U/R' = {X1, X3, -+ , X;n}, U/R' =
",Y5, X5,--+, X} and X; =Y, UYs.

(1) T X1 € R 5(X), then F0XL > 0.5,

a)IfY; C R 5(X)and Y C R 5(X), then Rj 5(X) = R} 5(X) and S(X, R}, 5(X)) <
S(X, Rj 5(X)).

b) If Y1 C R{5(X) and Y3 & R{5(X), then X > 0.5 and B3 < 0.5,

It follows that Rfy 5(X) = Rj 5(X) —Ya = R{ 5(X)NYY, Ry 5(X) = R 5(X)UYs
and consequently

| RG.5(X) N X[ +[(Ry5(X))" N X = Ry 5(X) N X] = |(R5(X)) X
= |Rg.5(X) N X[+ |(Ro.5(X) NY2) NX| = [(Rg5(X) UY2) N X| — |(Rg5(X))" NX°
= |Rg.5 (X)NX |+[ (R 5(X)) “NXC [ +[Y2NX | = | Ry 5 (X)NX | [Y2nX|—|(R5 (X)) NX“|
— VN X - [V N X].

By P2l < 0.5, it follows that YN X| < 0.5V = 0.5(|Y2N X |+ [Y2N X¢|). Then
Yo 0 X[ < [Y2 N X¢) and |Rf5(X) N X| + [(Rg5(X))° N X°| — [Ry 5(X) N X| -
[(R) 5(X))eNXe| > 0. It follows that S(X, Ry 5(X)) < S(X, Ry 5(X)).

¢) f Y1 ¢ Ri5(X) and Y C R{5(X), then S(X, R 5(X)) < S(X, R 5(X)) can
be proved similarly.

5
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(2) Tf X1 & Rj5(X), then Ppal — MOXEHYENX] <o 5

a) IfY1 ¢ Ry 5(X) and Ya € Rg 5(X), then Rj 5(X) = R 5(X) and S(X, Rj 5(X)) <
S(X, R 5(X)).

b) If Y1 € RY5(X) and Ya € Rf5(X), then M0 > 0.5 and 20X < 0.5 1¢
follows that Rl (X) = Rl 5(X)UY1, R} 5(X) = Rl .(X)—Y; = R/ .(X)NY{. Then

|RG.5(X) N X[+ [(RG5(X)) N X — [Ro5(X) N X| = |(Ro5(X))° N X7
= [(Ro.5(X)UY1) N X[ +|(Ry (X)) N X = R 5(X) N X] = |(Rg5(X) NY) "N X°|
= |Ro5(X)NX |+[Y1)NX|+|(Rg 5 (X)) ‘NX || Ry 5 (X)NX | = [(R (X)) “NX | —[Y1NX“|
=|Y1)NnX|—|Y1NnX°

By Y1 C R{5(X), we have TPl > 0.5, it follows that [Y; 0 X| > 0.5]v3] =
0.5(]Y1NX|+|Y1NX¢|). Thus |Y1NX| > |YiNX¢|) and |RY 5 (X)NX|+|(RY 5(X))N
Xe| = |Ry (X)) N X| — |(R)5(X))° N X¢| > 0. It follows that S(X, R} (X)) <
S(X, Rj5(X)).

) If Y1 € Ri5(X) and Y2 C R{5(X), then S(X, Rj 5(X)) < S(X, Rf5(X)) can
be proved similarly. O

4. THE ATTRIBUTE REDUCTION OF DECISION SYSTEMS BASED ON OPTIMAL
APPROXIMATION OF ROUGH SETS

Attribute reduction is one of the core issues of the rough set theory which has
been widely studied [17, 18, 19]. By deleting irrelevant or unimportant attributes
under some specific conditions, approximate decision rules can be acquired from
decision systems. In this section, we present an attribute reduction approach which
preserves the optimal approximations of decision classes unchanged.

Definition 4.1. A decision making information system S can be described as S =
(U,CUD,V, f), where U is the set of objects, C' is the set of conditional attributes,
D is the decision attribute, V' is the sets of attribute values, and f : Ux (CUD) — V
is an information function, it specifies the attribute value of every object x in U.

Given a decision making information system S = (U,CUD,V, f). For any A C C,
an indiscernibility relation R4 is defined as follows:

(4.1) RA = {(z,y) € U x UVa € A(f(z,a) = f(y,a)}

Definition 4.2. Let S = (U,CUD,V, f) be a decision system, U/D = {D1y, Do, -+ , D, },
A CC. If Ry5(D;) = RS 5(D;) for each D; € U/D, we say that A is a optimal ap-
proximation consistent set of S. If A is a optimal approximation consistent set and

no proper subset of A is optimal approximation consistent, then A is referred to as

an optimal approzrimation reduction of S.

For any A C C and z € U, let M4(z) = {Dj|z € R{'5(D;).

Theorem 4.3. Let S = (U,CUD,V, f) be a decision system, U/D = {D1, Da,--- , Dy},
ACC. Then
(1) A is a optimal approzimation consistent set if and only if Ma(x) = Mc(x)
for each x € U,
(2) A is a optimal approximation consistent set if and only if for any x,y € U, if
Mc(z) # Mc(y), then [z]a # [y]a.
6
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Proof. (1) By z € R§'5(D;) if and only if D; € Ma(x), and z € RS 5(D;) if and only
if D; € Mc(x), we can directly conclude (1).

(2) =: Assume that A is a optimal approximation consistent set and z,y € U
with Mo (x) # Mc(y). By (1), we have My(x) = Me(x) and Ma(y) = Mo (y).
Then it follows that M (z) # Ma(y). Thus [z]a # [y]a.

«: For each z € U, we prove M4(x) = Mc(x). Let T = {[ylc|lylc C [z]a}.
Then T forms a partition of [x] 4.

For any D; € Mc(x), we have € R§5(D;) and % > 0.5. For any
[ylc € T, we have [y]c C [x]a. Then [y]a = [z]a. It follows that Mc(x) = Mc(y).
Thus D; € Mc(y). It follows that “y][ciijl > 0.5 and |[y]lc N D;| > 0.5|[y]lc]|

[lylc]
Consequently,
|[Z‘]A N Dj‘ _ Z[y]CGT |[y]C n Djl > Z[y]CGT 0~5|[Q]C|
|[]al |[]al -
It follows that D; € Ma(x).

For any D; ¢ Mc(z), we have « ¢ R&,(Dj). For any [y]c € T, we have [y]c C
[#]a. Then [yla = [z]a. It follows that Mc(xz) = Mc(y). Thus D; ¢ Mc(y). It

follows that w < 0.5 and [[y]c N D;| < 0.5|[y]c|. Consequently,

o Zeer el

]l a0

ylc|
l[z]a N Dj;| Yleer Wle N Dyl < Yloer 05[]l —0 5Z[y]ceT Ilylc| — 05
|[2] |[2] 4l |[z] 4 ' |[z] 4 -
It follows that D; ¢ Ma(z). So Ma(x) = Mc(z) as required. O

Given a decision system S = (U,C U D,V, f). For any =,y € U, let B, = {a €
Clf(z,a) # f(y,a)} if Mc(z) # Mc(y), and E,,y = C otherwise.

Theorem 4.4. Let S = (U,C U D,V, f) be a decision system, A C C. A is a
optimal approzimation consistent set if and only if AN Ey, # @ for any x,y € U
with Mc(x) # Mc(y).

Proof. Assume that A is a optimal approximation consistent set. If x,y € U with
Me(x) # Me(y), then by Theorem 4.3, we have [z]4 # [y]a. It follows that there
exists a € A such that f(z,a) # f(y,a). Thus AN E,, # @.

Conversely, assume that z,y € U and Mc(z) # Mc(y). It follows that ANE,, #
@. Then there exists a € A such that a € Ey. By f(x,a) # f(y,a), we conclude
that [x]4 # [y]a. By Theorem 4.3, A is a optimal approximation consistent set. [

The logical formula Apsg, (2200 (y) (VaeE,,a) is called an optimal approzimation
discernibility function of S. By using the technique of discernibility matrix and
discernibility function presented in [19], we have the following method to compute
attribute reductions.

Theorem 4.5. Let S = (U,CUD,V, f) be a decision system. The minimal disjunc-
tive normal form of optimal approximation discernibility function is

(4.2) AMe(@)#Me(y) (VaeB,,0) = Vi<k<t(M<s<q.Oks)

Let Ay, = {ak1,ako, -, Gkqy }- Then {A1, Ag,--- A} is just the set of all optimal
approximation reductions of S.
7
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Example 4.6. Suppose that a decision system S = (U, CUD,V, f) is given in Table
1, U ={x;]1 <i <8}, C ={ai,as,a3,a4} and D is the decision attribute. We

TABLE 1. A decision formal context

r1 T2 X3 T4 X5 Teg X7 T8
aqz 0 0 1 2 0 0 0 2
aa 0 O O 1 1 2 1 1
az 0 0 0O O O 1 1 ©
aga 0 1 0 O O O 1 1
D 0 0 1 1 0 1 1 0

denote U/D = {D;, Dy}, where Dy = {x1, 29, 25,28}, Do = {x3,24,26,27}. Let
A ={asz,a4}. Tt follows that U/RA = {{x1, 23,74, 25}, {72, x5}, {z6}, {x7}}. It fol-
lows that R4'5(Dy) = {x1, 22,3, 74, 75,28} and RE5(D2) = {1, x3, 24, T35, T6, T7}
are optimal approximations of Dy and D, respectively.

To compute attribute reductions, we have M¢o(x1) = Mo(z2) = Mco(xs) =
Mc(xg) = {D1} and Mg (x3) = Mo(x4) = Mo (x6) = Me(z7) = {D2}. By Theo-
rem 4.4, we compute the discernibility attribute sets and present them in Table 2.

TABLE 2. The discernibility matrix

T1 X2 T3 T4 Z5 Ze T7 xs
T a1 aiaz azas (20304
T2 104 Q10204 20304 a2a3
zs3 a10a2 104204
Ty ai Gy
Ts5 azas a3a4
Te a1a2a30a4
Ty a103

The discernibility function of S is:
a1 A (a2 Vas)Nag = (a1 ANaz Nag) V (a1 Aas A ay).
Thus there are two attribute reductions: {aj,as,as4} and {ay, a3, as}.

5. CONCLUDING REMARKS

In the application of rough sets in knowledge discovery in information systems,
the optimal approximations may provide more accurate decision rules. In this pa-
per, we present the optimal approximations of rough sets in an approximation space
by using similarity measures induced by symmetric difference. The variation rules
of similarity degrees between the target concepts and their optimal approximations
in different granularity spaces are surveyed. Furthermore, the attribute reduction
approaches for decision systems which preserve the optimal approximations of deci-
sion classes unchanged are presented. In further study, the optimal approximations
and their applications in some other approximation spaces, for example, covering
approximation space and fuzzy rough approximation space, will be investigated.

8
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